Geometrical form of the one-loop divergences induced by conical singularities of background manifolds is studied. To this aim the heat kernel asymptotic expansion on spaces having the structure C α × Σ near singular surface Σ is analysed. Surface corrections to standard second and third heat coefficients are obtained explicitly in terms of angle α of a cone C α and components of the Riemann tensor. These results are compared to ones to be already known for some particular cases. Physical aspects of the surface divergences are shortly discussed.
Introduction
There is a number of physical problems where quantum field effects in presence of conical singularities of the background manifolds play an important role. For instance, such singularities are induced by idealized cosmic strings and in this case the conical angle deficit is determined by the string tension parameter [1] . It gives rise to some interesting quantum phenomena like vacuum polarization around strings [2] , [3] and to necessity in renormalization of the string tension [4] .
Finite temperature quantum field theory on static spaces with bifurcate Killing horizons represents another example. Typically these spaces have topology R 2 × S 2 , where S 2 is a bifurcation surface that is unchanged under action of the isometry group. Introduction of thermal equilibrium here is equivalent in general to passing to singular Euclidean space-times with topology C α ×S 2 where conical angle α of C α is associated to the inverse temperature. Cosmological implications of this theory in de Sitter space-time have been considered in [5] , [6] . On the other hand, the importance of such singular geometry has been recently pointed out in connection with statistical mechanical computations of the black hole entropy [7] , [8] , when the temperature different from the Hawking one should be introduced to get the corresponding derivative of the partition function. In particular, it results to additional ultraviolet divergent terms in the Bekenstein-Hawking entropy.
However, an explicit geometrical structure of these terms, needed to understand how to handle the new divergences, is not yet known.
In present letter we find the structure of the one-loop divergences induced by such conical defects. For this aim the asymptotic expansion of the trace of the heat operator on a compact manifold M α with singularities having the form C α × Σ, where Σ is the surface of fixed points of one-parameter isometry group of M α , is analysed and the first three heat coefficients are obtained explicitly. Our main result is formulated in section 2. Its proof and comparison with some particular cases are given in section 3. Then, we shortly discuss physical aspects of addidional surface counterterms in the effective action and present our conclusions.
The result
The most convenient way to investigate the structure of one-loop divergences of the effective action is to express the contributions of all one-loop diagrams, that can be sum up in a determinant, through the trace of the heat kernel operator. In particular, for logarithm of the scalar field determinant to appear in the one-loop effective action one can use the DeWitt-Schwinger proper time representation [9] log det(−2 + ξR + m
where
, is the D'Alambertian on a background manifold M, and m is the mass of the field. In general the integration contour in (2.1)
should be taken in complex pane. The parameter ξ determines the coupling between scalar field and curvature R of M, and the case ξ = 1/6 corresponds to conformally invariant theory. The kernel of the heat operator K M (s) is the solution of the problem
is the delta function covariantly defined on M. For a smooth d dimensional manifold without boundary the asymptotic expansion of this kernel in powers of the proper-time parameter s looks as follows [10] 
The coefficients a n of this expansion can be found from the recursion relations and expressed in terms of powers of the curvature tensor and its covariant derivatives [10] .
Beside this, the first three coefficients are known to define the structure of the one-loop counterterms in quantum theory on M [9] . 
Here the standard coefficients a n = Mα a n (x, x)dΩ(x), given by the integrals over the smooth domain of M α (dΩ(x) = √ gd n x), get modified, except a 0 , by the surface terms a α,n . The first three of these terms read
where θ β , 1 ≤ β ≤ n − 2, and dµ are coordinates and invariant volume on Σ, and the curvature tensor is defined as it was explained above. We also adopt the convention of summing Latin indices 1 ≤ i, j ≤ 2. Finally, the numerical coefficients c k (α) (their definition follows below) are polinomials in inverse even powers of α, vanishing at α = 2π.
The first term in (2.6) is proportional to the volume of M α (a 0 = Mα dΩ) and looks the same as for the smooth manifolds. The second surface coefficient a α,1 was computed before for M α = C α [12] (see also [4] , [11] ). The next one, a α,2 , was also known for some particular cases. For ξ = 1/6 it contributes to the integral of conformal anomaly of the renormalized stress tensor [5] , [11] . So far as the scalar R in (2.8) coincides with the curvature of the smooth manifold M, we can consider imbedding of Σ in M and use the Gauss-Codacci equations [13] to represent R in the form
where R Σ is the curvature of Σ and χ i µν are its second fundamental forms. Thus, for 2-dimensional surface a α,2 includes the Euler number of Σ.
All other quantities a α,n have the structure similar to a α,2 , eq. (2.8), and depend on the conical angle deficit and curvature near Σ.
The heat kernel expansion
It is worth reminding for further analysis the properties of the heat kernel operator K Cα (r, r ′ , △ϕ, s), △ϕ= ϕ − ϕ ′ , on the conical space C α that have been investigated in many papers [12] , [14] , [15] . It can be expressed through the plane heat kernel K R 2 (r, r ′ , △ϕ, s)
) by means of the Sommerfeld integral representation [14] , [15] 
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The integration contour C in (3.10) has two branches, one in the upper half complex plane of the parameter w going from (−π − △ϕ + i∞) to (π − △ϕ + i∞) and the other in the lower half-plane from (π − △ϕ − i∞) to (−π − △ϕ − i∞), see [15] . By using the above representation the diagonal part of K Cα can be shown to be a distribution singular at the cone apex [4] , [11] , whereas outside this point it has the same asymptotic behaviour as the plane kernel K R 2 . This fact indicates, in particular, that at s → 0 conical singularities give a nontrivial contributions only into trace of the heat operators.
Consider now the manifold M α . It is convenient to begin with the case α = 2π when conical singularities are absent and Σ is the fixed-point set of O (2) In terms of the rescaled normal coordinates y µ the standard expansion (2.4) on M looks as follows
and holds near p 0 at s → 0. 
we obtain for b 1 the expression
On the other hand, the next coefficient comes from the Taylor series of a 1 (x, x ′ )
It can be shown from the decompositions of a n (x, x ′ ), △ 1/2 and σ 2 in Riemann coordinates series that all other coefficients b n/2 in (3.11) are expressed similar to (3.14), (3.15) in terms of the curvature tensor and its covariant derivatives.
Choose an orthonormal basis at p 0 in such a way to separate the Riemanniain coordinates y µ into u i coordinates, i = 1, 2, associated to a basis orthogonal to Σ, and v β , β = 1, ..., d−2, corresponding to a tangent basis. The coordinates u i can be parameterized by the polar angle 0 ≤ ϕ ≤ 2π and radius u > 0 as usually, (u 1 , u 2 ) = (u cos ϕ, u sin ϕ).
Then O(2) isometry of M generates the rotations ϕ → ϕ + δϕ leaving unchanged u and v β . Thus, we can use mixed coordinates y µ (ϕ) ≡ (ϕ, u, v β ) also for the singular space M α .
In these coordinates M α is described by the same metric but has different period of ϕ.
Besides, if v β = 0, the radius √ su measures the distance to the fixed point p 0 .
To find for the singular heat operator K Mα the expansion similar to (3.11), introduce the following asymptotic Sommerfeld-like representation
Here the integration contour C is chosen to be the same as in (3.10) and in the integrand the kernel K M should be considered only in sense of the series (3.11). In this case the integral is convergent for the each particular term of the sum due to the exponential factor exp(−uu ′ cos(△ϕ+w)/2) appearing from (3.11). Other properties of this representation (3.16) that enable us to identify it near p 0 to the heat kernel operator on M α are as follows:
1) For each its angle argument K Mα , determined by (3.16) , is a function with period
2) In neighborhood of p 0 the kernel (3.16) satisfies the heat equation (2.2), written in the mixed coordinates (ϕ, √ su, √ sv β ), and to "initial" condition
analogous to the leading asymptotic of the smooth kernel K M , see (3.11) . The meaning of this condition is that K Mα should be locally represented as the kernel K Cα×R d−2 plus corrections due to the space curvature near p 0 .
The first of these statements is a straightforward consequence of the definition of the integral (3.16). The second one holds so far as in (ϕ, u, v β ) coordinates the operators on M and M α are described by the same heat kernel equation (2.2) that does not depend on the angle ϕ.
Due to the local equivalence of M α and M outside Σ both kernels, K Mα ,K M , have equal asymptotic expansions in the smooth region. This is because the corresponding coefficients are determined by the same local recursion relations. Therefore, to investigate the expansion of T rK Mα one can change K Mα outside Σ to K M and represent its trace in the form
valid at s → +0 up to exponentially small terms ES. Here Σ ǫ is a sufficiently small neighborhood of Σ and ǫ is a small parameter associated to its "thickness". So far as the diagonal part of K M does not depend on ϕ, the last term in (3.19) can be written as (α/2π)T rK M (s), for which the standard expansion is applicable. On the other hand, for the integral over domain Σ ǫ we can use the asymptotic formula (3.16) valid near each of the point on Σ.
By transforming in (3.16) contour C in the complex plane we can write for the difference of the diagonal elements in Σ ǫ
where Γ consists of two curves, going from (−π + i∞) to (−π − i∞) and from (π − i∞)
to (π + i∞) and intersecting the real axis between the poles of the integrand −α, 0 and 0, α respectively.
Note, that for a point p being sufficiently close to Σ there is a unique geodesic line, starting from p and orthogonal to Σ at some point p 0 . It means that p can be completely determined by d − 2 coordinates θ β of p 0 on Σ, by the geodesic distance σ(p, p 0 ) and a polar angle ϕ. On M the rescaled Riemann coordinates of p with the origin at p 0 read as
Remarkably, all half integer powers of s in (3.21) disappear due to the isometry. Indeed, all the coefficients in this expansion are expressed through the components of the Riemann tensor and its covariant derivatives taken at the fixed point of O(2) isometry group. Besides, each power of √ s is associated to a Latin indices i = 1, 2 of these quantities, that corresponds to O(2) tensor representation, whereas tangent Riemann coordinates, v β , are absent. Thus, so far as only even rank O (2) invariant tensors are possible, we obtain the integer power expansion (3.21). In particular, by using similar considerations, b 1 coefficient in (3.21) can be shown to read
Other b n (u 2 , w, θ), n > 1, are represented, like (3.22), as polinomials in invariant products u 2 and (u − u(w)) 2 where the maximal power of (u − u(w)) 2 , appearing from the decomposition (3.13) of σ 2 , is equal to n + 1.
Note that the integration in Σ ǫ can be also represented in terms of curvature corrections to the volume of the space product C ǫ α × Σ with ǫ considered as a cone radius
This decomposition and the form of d 1 for general case can be found in [16] . Substituting we obtain
Not difficult analysis based on the symmetry of the problem shows that after integrating over u 2 in (3.25) a α,n coefficients can be represented by series
The quantities G nk are expressed through the integrals over Σ on the powers of the curvature tensor and its covariant derivatives and thus accumulate the information about local geometry near the singular surface. On the other hand, global properties of M α are contained in the integrals
that can be computed in terms of polynomials of the order 2n in powers of α −1 [3] . In particular, c 1 (α), c 2 (α) in (2.8) can be written as
Besides, the explicit form (2.8) of a α,1 , a α,2 immediately follows from expressions The other interesting example [5] to be mentioned here concerns computation of zeta-
Conclusions and remarks
In this letter the general structure of the heat kernel expansion and explicit expression for the first three coefficients was found for manifolds with conical singularities of the form C α × Σ. These results were shown to be confirmed by calculations in particular cases.
For quantum field theory conical singularities qualitatively result to similar consequences as in presence of boundaries of the background spaces [4] . For instance, in this theory the renormalized stress tensor diverges in non-integrable way as a singular point is approached [2] , [3] , whereas the one-loop effective action and other integral quantities acquire additional surface ultraviolet divergent terms. However, as compared to case with boundaries only integer powers of the proper time parameter s are present in the heat kernel expansion (2.6).
In classical theory conical singularities are associated to a matter distribution with a surface energy determined by the angle deficit 2π − α. For the flat conical geometry the only new divergences arise from the coefficient a α,1 in (2.6). They contribute to the classical surface matter action and can be, consequently, removed by renormalization of α. In quantum field theory around cosmic strings it is equivalent to a renormalization of the string tension [4] . However, in general this renormalization is not sufficient and some additional surface counterterms should be introduced to get rid off the divergences given by the next coefficient a α,2 . According to (2.8) they are determined by the space curvature and have a more complicated structure than initial classical action that is simply proportional to the area of Σ. It means that when conical singularities are present one should allow to the generalized Einstein action [9] an addition in the form of an effective surface functional with terms having the structure of a α,2 . In particular, the relevance of nontrivial surface terms in the effective gravitational action has been recently discussed in [8] for the black hole thermodynamics.
Finally, it is worth mentioning that the technique based on the asymptotic Sommerfeldlike representation for the scalar heat kernel operator can also be developed for higher spins, which has a number of implications.
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